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Abstract
This paper investigates the use of a newly improved ﬁfth-order weighted ENO scheme on the simulation of 2D Richtmyer-Meshkov
instability. The new scheme, which we called WENO-Z-P, arises from the WENO-Z scheme of Borges et al. WENO-Z-P scheme
achieves ﬁfth-order accuracy near the ﬁrst-order and second-order critical points and possesses higher resolution. We obtain an
amazing high-resolution result of two-dimensional Richtmyer-Meshkov instability by WENO-Z-P scheme. More numerous small
vortices are found in the shear layer with higher contrast and clarity. We can conclude that the accuracy lose near the second-order
critical points play a signiﬁcant role.The accuracy lose near the second-order critical points deeply drop the resolution of numerical
scheme.
c© 2013 The Authors. Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Hunan University and
National Supercomputing Center in Changsha (NSCC).
Keywords: WENO; WENO-Z; WENO-Z-P; Richtmyer-Meshkov instability
Nomenclature
T0 normal temperature
ρ0 density under standard atmospheric
R ideal gas constant
p0 standard atmospheric pressure p0 = ρoRT0
u0 velocity in the direction of x (m/s)
1. Introduction
The Richtmyer-Meshkov instability(RMI) develops when perturbations on an interface separating gases with d-
iﬀerent properties grow following passage of a shock. The vorticity deposited on the interface by the shock drives
the instability, resulting in interpenetrating bubble- and spike-like structures. This instability is of great fundamental
interest in ﬂuid dynamics, as well as to inertial conﬁnement fusion, supersonic combustion, and supernovae dynamics.
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Various numerical methods[1, 2, 3, 4, 5, 6, 7, 8] have been performed for the simulation of RMI, of which the
lattice Boltzmann scheme, the ﬁnite volume method and the WENO schemes are well-known. WENO schemes are
very popular methods to approximate hyperbolic conservation laws. However, the classical ﬁfth-order WENO scheme
does not yield ﬁfth-order convergence near critical points with order more than two. This fact was clearly pointed out
by Henrick et al[9]. One of excellent approaches to recover an optimal order of convergence at critical points is the
WENO-Z[10] scheme by Borges et al.
WENO-Z schemes only recover the loss in accuracy near ﬁrst-order critical points where ﬁrst-order derivative is
zero. We improved WENO-Z scheme and obtained WENO-Z-P scheme. WENO-Z-P scheme can achieve ﬁfth-order
accuracy near the ﬁrst-order and second-order critical points. Using the WENO-Z-P scheme, we obtain an amazing
high-resolution result of two-dimensional single mode Richtmyer-Meshkov instability. More numerous small vortices
are found in the shear layer. That means the accuracy lose near the second-order critical points deeply inﬂuence the
resolution for the simulation of RMI.
2. Fifth-order WENO, WENO-Z and WENO-Z-P schemes
The classical ﬁfth-order WENO scheme uses a 5-point stencil, hereafter labeled S 5, which is subdivided into three
3-points stencils {S 0, S 1, S 2}. The ﬁfth-order polynomial approximation fˆi± 12 = hi± 12 + O(Δx5) is built through the
convex combination of interpolated values fˆ k(xi± 12 ), in which fˆ
k(x) is the cubic polynomial deﬁned on each stencil
S k:
fˆi± 12 =
2∑
k=0
ωk fˆ k(xi± 12 ). (1)
The weights ωk are deﬁned as
ωk =
αk∑2
l=0 αl
, αk =
ωk
(βk + )p
. (2)
The coeﬃcients ω0 = 310 , ω1 =
3
5 , ω2 =
1
10 are called the ideal weights because these generate the central upstream
ﬁfth-order scheme for the 5-points stencil S 5. The parameter  is used to avoid division by zero in the denominator
and p = 2 is chosen to increase the diﬀerence of scales of distinct weights at non-smooth parts of the solution.
As in [11], the smoothness indicators βk at the stencil S k are given by
βk =
2∑
l=1
Δx2l−1
∫ x+ Δx2
x− Δx2
(
dl
dxl
fˆ k(x))2dx. (3)
The expression for βk are given by
β0 =
13
12
( fi−2 − 2 fi−1 + fi)2 + 14( fi−2 − 4 fi−1 + 3 fi)
2, (4)
β1 =
13
12
( fi−1 − 2 fi + fi+1)2 + 14( fi−1 − fi+1)
2, (5)
β2 =
13
12
( fi − 2 fi+1 + fi+2)2 + 14(3 fi − 4 fi+1 + fi+2)
2, (6)
and their Taylor series expansions at xi are
β0 = f
′2
i Δx
2 + (
13
12
f
′′2
i −
2
3
f
′
i f
′′′
i )Δx
4 − (13
6
f
′′
i f
′′′
i −
1
2
f
′
i f
′′′
i )Δx
5 + O(Δx6), (7)
β1 = f
′2
i Δx
2 + (
13
12
f
′′2
i +
1
3
f
′
i f
′′′
i )Δx
4 + O(Δx6), (8)
β2 = f
′2
i Δx
2 + (
13
12
f
′′2
i −
2
3
f
′
i f
′′′
i )Δx
4 + (
13
6
f
′′
i f
′′′
i −
1
2
f
′
i f
′′′
i )Δx
5 + O(Δx6). (9)
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The condition to obtain the expected ﬁfth-order convergence for the classical WENO scheme is
ωk = ωk + O(Δxr), r  2, (10)
which can be found in [11, 9, 10]. Ref. [9] shows that if the smoothness indicators βk satisfy βk = D(1 + O(Δxp)),
then the weights βk satisfy ωk = ωk + O(Δxp), where D is a non-zero constant independent of k.
Looking at the Taylor series expansions of βk in Eqs.(7,8,9), if f
′
i  0, βk can be written in the form
βk = f
′2
i Δx
2(1 + O(Δx2)), (11)
and hence
ωk = ωk + O(Δx2). (12)
Nevertheless, the classical ﬁfth-order WENO scheme loses accuracy at critical points. For instance, if only f
′
i =
0, f
′′
i  0, then
βk =
13
12
f
′′2
i Δx
4(1 + O(Δx)), (13)
and
ωk = ωk + O(Δx), (14)
which implies that the classical ﬁfth-order WENO scheme does not yield ﬁfth-order convergence. In fact, WENO
scheme yields only third-order convergence near ﬁrst-order critical points. If the second derivative also vanishes, the
situation is similar.
A modiﬁcation to the WENO scheme was proposed in [10] using the whole 5-point stencil S 5 to devise a new s-
moothness indicator of higher-order than the classical smoothness indicators βk. The higher-order information denoted
τ5 is deﬁned as
τ5 =| β0 − β2 | . (15)
From the Taylor series expansions of βk in Eq.(7,8,9), the truncation error of τ5 is
13
3
| f ′′i f
′′′
i | Δx5 + O(Δx6). (16)
τ5 is indeed computed using the whole 5-points stencil S 5. Two forms of WENO-Z are developed in [10], of which
we only condider WENO-Z-2 scheme. Formulae for the indicators and weights associated are:
βZ−2k =
(βk + )2
(βk + )2 + τ25
,
ωZ−2k =
αZ−2k∑2
l=0 α
Z−2
l
, αZ−2k =
ωk
βZ−2k
, k = 0, 1, 2. (17)
At a ﬁrst-order critical points, we know from Eqs.(7,8,9) and Eq. (16)
βZ−2k =
1
1 + O(Δx2)
, and ωZ−2k = ωk + O(Δx
2). (18)
Thus, the WENO-Z-2 schemes recover the ﬁfth-order accuracy at a ﬁrst-order critical points.
The authors of the WENO-Z scheme did not consider the loss in accuracy near the second-order critical points
where ﬁrst and second derivatives are zero. In such instances
βk = aΔx6 + O(Δx7) = aΔx6(1 + O(Δx)), (19)
where a is the Taylor series coeﬃcient of Δx6. We therefore obtain
ωk = ωk + O(Δx) (20)
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in addition to
τ5 = O(Δx6). (21)
From the deﬁnition of WENO-Z-2, we can easily derive
βZ−2k =
1
1 + ( τ5
βk+
)2
=
1
1 + O(1)
,
ωZ−2k = ωk + O(1). k = 0, 1, 2 (22)
which indicate that the WENO-Z-2 schemes can not get ﬁfth-order accuracy at a second-order critical points.
An interesting modiﬁcation to attain ﬁfth-order accuracy at these second-order critical points is to change the power
of τ5 or βk. Reconsidering Eq.(13), we construct a new correction for βk
βZ−Pk =
1
1 + τ
2
5
(βk+)
. (23)
The βZ−Pk satisﬁes Eq.(13) and recovers the loss in accuracy near the second-order critical points. We have
βZ−Pk =
1
1 + O(Δx6)
,
ωZ−Pk = ωk + O(Δx
6). k = 0, 1, 2. (24)
This new scheme is called WENO-Z-P scheme.
3. Simulation of RMI
We consider the simulation of air/He shock tube problem. In the air, a shock and a sine type medium interface
interact with each other. On the right of the interface is full of He. The domain of the problem is [0, 0.6]× [0, 0.1] and
the shock moves at Mach 2.0. The initial condition is set as⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
( ρ
ρ0
, uu0 ,
v
u0
, pp0 )L = (2.67, 1.48, 0, 4.5)
( ρ
ρ0
, uu0 ,
v
u0
, pp0 )M = (1, 0, 0, 1)
( ρ
ρ0
, uu0 ,
v
u0
, pp0 )R = (0.138, 0, 0, 1)
(25)
The interface stand for initial disturbance of which the wave crest of the sine wave push forward the RMI. For
single-mode RMI, the initial position of shock is 0.06 and the initial position of interface is
x = 0.06 + 0.008 cos 20nπy (26)
We also consider double-mode and treble-mode cases of RMI with the initial interfaces
x = 0.06 + 0.008 cos 40nπy (27)
and
x = 0.06 + 0.008 cos 60nπy (28)
For comparing the numerical results, we compute the problem by all the schemes with uniform mesh 1200× 200. We
display the density contours in order to observe the diﬀerences for all the schemes. Fig1 show the single-mode case.
Fig2 and Fig3 show the double-mode and treble-mode cases. The three ﬁgures show the development of complex
structures during the spikes roll up at 0.112, 0.3 and 0.6 ms.
Following this initial growth, the spikes form roll-ups that develop the characteristic mushroom shape of the in-
stability. As the RMI develops, bubbles of air rush into the He and apikes of He burst into the air. The He spike
penetrates into the air and becomes narrower as it transforms into a bubble.
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Looking at all results at 0.6 ms, we can ﬁnd that WENO-Z-P scheme is much less dissipative at small scales
and produces more numerous small vortices. The interface simulation between two ﬂuids is quite sensitive to the
dissipation of numerical method. For WENO scheme, large-scale dissipation exists widely in the interface between
the two ﬂuids. That means WENO scheme can not produce more small-scale vortices in the shear layer. For WENO-
Z-P scheme, low dissipation in the interface make WENO-Z-P scheme produce more small-scale vortices.
It’s perhaps important to point out that the low dissipation of WENO-Z-P scheme is due to the recovery of accuracy
near critical points. On one hand, accuracy lose near the second-order critical points deeply inﬂuence the numerical
dissipation. Partial loss of accuracy produces partly increased numerical dissipation. On the other hand, accuracy
diﬀerence between critical points and non-critical points produces wrong numerical result.
4. Conclusion
We investigate the use of WENO-Z-P scheme on the simulation of two-dimensional Richtmyer-Meshkov instabil-
ity. We ﬁnd that WENO-Z-P scheme perform better than WENO scheme. More numerous small vortices are found
in the shear layer. We can conclude that the accuracy lose near the second-order critical points play a signiﬁcant role.
The accuracy lose near critical points deeply drop the resolution of numerical scheme. As a further work, we plan to
simulate some complex ﬂows using WENO-Z-P scheme.
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Fig. 1. Density contours of the single-mode Richtmyer-Meshkov instability computed by the WENO and WENO-Z-P schemes with mesh 1200 ×
200.
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Fig. 2. Density contours of the double-mode Richtmyer-Meshkov instability computed by the WENO and WENO-Z-P schemes with mesh 1200 ×
200.
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Fig. 3. Density contours of the treble-mode Richtmyer-Meshkov instability computed by the WENO and WENO-Z-P schemes with mesh 1200 ×
200.
